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(Bipartite) Bell scenario

Alice Bob

??
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Bell inequalities
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p(a, b|x, y) = tr(⇢AB Ma|x ⌦Nb|y)
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Bell inequalities
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Device-independent formalism
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p(a, b|x, y)Correlation

Devices treated as black boxes

Alice Bob



Device-independent paradigm

Observing violation larger than  
witnesses entanglement and 
incompatibility  

This witness is based only on the 
observed probability distribution 

 

There is no trust whatsoever in any 
of the devices used in the 
experiment 

This form of witnessing is known as 
device-independent.

η

p(a, b |x, y)



Self-testing
Strongest form of certification 

What is the shared state? What are the measurements?



Identifying the exact state?



Identifying the exact state?



Self-testing: isometries
Local change of basis 

 

Uncorrelated degrees of freedom to which 
measurements act trivially 

 

These transformations are are supposed to be 
encompassed by the local extraction maps 

{UA ⊗ UB |ψ⟩, UAMa|xU†
A, UBNb|yU†

B} ⇔ { |ψ⟩, Ma|x, Nb|y}

{ |ψ⟩AB ⊗ |ϕ⟩A′￼B′￼, MA
a|x ⊗ 𝕀A′￼, NB

b|y ⊗ 𝕀B′￼} ⇔ { |ψ⟩, Ma|x, Nb|y}

τA ⊗ τB( |ψ′￼⟩) ⇔ |ψ⟩

Extraction map = mixed isometry



Self-testing: complex conjugation

Simultaneous complex conjugation of states and 
measurements does not change the correlation 
probabilities 

 

 

τ( |ψ′￼⟩) = |ψ⟩ ⊗ | junk0⟩ + |ψ∗⟩ ⊗ | junk1⟩

⟨junk0 | junk0⟩ + ⟨junk1 | junk1⟩ = 1

⟨junk0 | junk1⟩ = 0



Self-testing from Bell inequalities
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ICHSH = hA0B0i+ hA0B1i+ hA1B0i � hA1B1i

                                |ϕ+⟩ =
1

2
( |00⟩ + |11⟩)
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Self-testing
Known results

Partially entangled qubits 

Qudit pure bipartite entangled 

Graph states 

GHZ states 

Dicke states

All multipartite states?

[Bamps, Pironio, 2015] 

 [Coladangelo, Goh, Scarani, 2017] 

 [McKague, 2014] 

[Pál, Vértesi, Navascués, 2014] 

[Šupić, Coladangelo, Augusiak, Acín, 2018]

Quantum networks self-test all entangled states  

[Šupić, Bowles, Renou, Acín, Hoban, 2023]



Motivation

Networks solve the problem



Motivation

Networks solve the problem

Require additional resources:  EPR pairsN



Motivation

Networks solve the problem

Require additional resources:  EPR pairsN

What happens with self-testing 
in the standard Bell scenario?



Motivation

Find a general way to self-test 

 multipartite  qubit entangled states 

Only results for bipartite states and some multipartite.

Multipartite is hard  the structure of multipartite entanglement is very 
diverse

→

Self-test is tailored to the state, or a class of states sharing some symmetry



Scenario



Multipartite scenario

Correlation
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p(a1, . . . , an|x1 . . . xn)

⋯
x1 x2 x3 xn−1 xn

a1 a2 a3 an−1 an



Multipartite scenario
The idea behind

Use successive self-testing of bipartite states for all possible bipartitions   different sub-tests.→

Self-test the bipartite entangled state and the measurements.

To do this, project the rest of the parties + assume the bipartite state is entangled.

⋯
x1 x2 x3 xn−1 xn

a1 a2 a3 an−1 an
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Multipartite scenario
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Tripartite states
Example

Consider the target state
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| i = |0iA ⌦ |�+iBC + |1iA ⌦ | �iBC

Obtain 0  project to  

    Max violates CHSH1

→
→

<latexit sha1_base64="etTImx3TjC4RDL/XArzPMGu4qhc=">AAAB73icbZDNSsNAFIVv/K31r+rSTbAIglASKeqy6MZlBfsDTVom05tm6GQSZyZCqX0OXYm68118Ad/Gac1CW8/qm3vOwD03SDlT2nG+rKXlldW19cJGcXNre2e3tLffVEkmKTZowhPZDohCzgQ2NNMc26lEEgccW8Hweuq3HlAqlog7PUrRj8lAsJBRos2o++ilEeueepKIAcdeqexUnJnsRXBzKEOueq/06fUTmsUoNOVEqY7rpNofE6kZ5TgpepnClNAhGWDHoCAxKn8823piH4eJtHWE9uz9OzsmsVKjODCZmOhIzXvT4X9eJ9PhpT9mIs00CmoixgszbuvEnpa3+0wi1XxkgFDJzJY2jYgkVJsTFU19d77sIjTPKu55pXpbLdeu8kMU4BCO4ARcuIAa3EAdGkBBwjO8wbt1bz1ZL9brT3TJyv8cwB9ZH99W1ZAb</latexit>

|�+i Obtain 1  project to  

    Max violates CHSH4

→
→
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ICHSH1
= ⟨A0B0⟩ + ⟨A0B1⟩ + ⟨A1B0⟩ − ⟨A1B1⟩

ICHSH4
= − ⟨A0B0⟩ − ⟨A0B1⟩ − ⟨A1B0⟩ + ⟨A1B1⟩



Tripartite states
Example

This state is separable across the bipartition A|BC  Not the target state.→

 ρ =
1
2

|0⟩⟨0 | ⊗ |ϕ+⟩⟨ϕ+ | +
1
2

|1⟩⟨1 | ⊗ |ψ−⟩⟨ψ− |



Tripartite states
Example

This state is separable across the bipartition A|BC  Not the target state.→

Establish that there is entanglement across A|BC.

 ρ =
1
2

|0⟩⟨0 | ⊗ |ϕ+⟩⟨ϕ+ | +
1
2

|1⟩⟨1 | ⊗ |ψ−⟩⟨ψ− |



Tripartite states
Example

The target state can also be written as: 

In this sub-test we can do the same: Charlie measures in the computational 
basis and the other parties play CHSH games.

If they win every time, there is enough information to self-test the whole 
state. 
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| i = |��iAB ⌦ |0iC + | +iAB ⌦ |1iC



Tripartite states
The simplest multipartite case

What is the shared state?
<latexit sha1_base64="VNMtL7D376IP8C2a7FIt0UAy9FI=">AAACEnicbVBLTsMwFHTKr5RfgCWbiAqJVUlQBWyQKrHpskj0IzVR5LgvramdRLaDVKW9BVwGVgjY9QLcBrfNAlpmYc17M7Y8EySMSmXb30ZhbX1jc6u4XdrZ3ds/MA+PWjJOBYEmiVksOgGWwGgETUUVg04iAPOAQTsY3s309hMISePoQY0S8DjuRzSkBCu98s2LsZtI6goc9RncujLlfkYfhxOX6Td6eDGM9ZFbfLNsV+w5rFXi5KSMcjR8c+r2YpJyiBRhWMquYyfKy7BQlDCYlNxUQoLJEPehq2mEOUgvmwebWGdhLCw1AGs+//ZmmEs54oH2cKwGclmbLf/TuqkKb7yMRkmqICLaorUwZZaKrVk/Vo8KIIqNNMFEUP1LiwywwETpFks6vrMcdpW0LivOVaV6Xy3X6nkRRXSCTtE5ctA1qqE6aqAmIugFvaFP9GU8G6/Gu/GxsBaM/M4x+gNj+gPyj5+C</latexit>

| i =
X

ijk

�ijk|ijki

x y z

a b c
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Tripartite states
The idea behind

Alice projects, Bob and Charlie test Charlie projects, Bob and Alice test

Bob projects, Alice and Charlie test



Tool 1: Full bipartite self-testing

Set of 3 Bell inequalities with  
3 inputs on Alice’s side and 
6 inputs on Bob’s side in total  

 2 tilted CHSH + 1 CHSH.→

E. Woodhead, J. Kaniewski, B. Bourdoncle, A. Salavrakos, J. Bowles, R. Augusiak, and A. Acín. Phys. Rev. Research 2, 042028(R), (2020). 

It can be used to self-test the partially entangled pair of qubits and three 
Pauli observables on Alice’s side (up to the complex conjugation 
uncertainty).



What do we expect?

 When party C makes computational basis measurement the 

remaining two parties are projected to  and .∑
i,j

λi,j,0 | ij⟩ ∑
i,j

λi,j,1 | ij⟩

 When party B makes computational basis measurement the 

remaining two parties are projected to  and ∑
i,k

λi,0,k | ik⟩ ∑
i,k

λi,1,k | ik⟩

 When party A makes computational basis measurement the 

remaining two parties are projected to  and ∑
j,k

λ0,j,k | jk⟩ ∑
j,k

λ1,j,k | jk⟩



What we get?

 When party A makes some unknown measurement the remaining parties 

are projected to  and  in an unknown basis.∑̃
j,k̃

λ0, j̃,k̃ | j̃ k̃⟩ ∑̃
j,k̃

λ1, j̃,k̃ | j̃ k̃⟩

 When party B makes some unknown measurement the remaining parties 

are projected to  and  in an unknown basis.∑̃
j,k̃

λj̃,0,k̃ | j̃ k̃⟩ ∑̃
j,k̃

λj̃,1,k̃ | j̃ k̃⟩

 When party B makes some unknown measurement the remaining parties 

are projected to  and  in an unknown basis.∑̃
j,k̃

λj̃,k̃,0 | j̃ k̃⟩ ∑̃
j,k̃

λj̃,k̃,1 | j̃ k̃⟩



Tripartite states
No jellyfish - marginal problem

Neutralize jellyfish - relate projecting measurement and self-tested measurements



Tool 2: The measurement lemma

<latexit sha1_base64="wM0v95nDbnEScVLSVSiDJBrTN7s=">AAACJXicbVDLSsNAFJ34rPVVdelmsAiuSiKibgTRTZcVTBWaECbjTTt28mDmRiyx36Mfo67Ex8pfcVoj+Lqrc885w9xzwkwKjbb9Zk1MTk3PzFbmqvMLi0vLtZXVtk5zxcHlqUzVecg0SJGAiwIlnGcKWBxKOAv7xyP97AqUFmlyioMM/Jh1ExEJztBQQe3IDS69FEUMmrpB/8bLtPAUS7oSDsZLUHjYA2TDki3NN971ly+o1e2GPR76FzglqJNyWkHt3rtIeR5DglwyrTuOnaFfMIWCSxhWvVxDxnifdaFjYMLMf34xzjqkm1GqqLmIjvfv3oLFWg/i0Hhihj39WxuR/2mdHKN9vxBJliMk3FiMFuWSYkpHldELoYCjHBjAuBLmSsp7TDGOptiqie/8DvsXtLcbzm5j52Snftgsi6iQdbJBtohD9sghaZIWcQknd+SRvJBX69Z6sJ6s50/rhFW+WSM/xnr/AFe3p6A=</latexit>

Uj ⌦ Uk| i = | ✓i ⌦ |⇠i
<latexit sha1_base64="ozC4CEiE8fDRh4uBCpw9LciW634=">AAACFnicbVDLTsJAFJ3iC/GFunTTSExwQ1ol6sYE4wZ3mFgg0tJMh0sZmD4yMzUhTf9Df0ZXRk1cuPVvHJCFomd15p4zufccL2ZUSMP41HILi0vLK/nVwtr6xuZWcXunKaKEE7BIxCLe9rAARkOwJJUM2jEHHHgMWt7ocqK37oALGoU3chyDE2A/pH1KsFQjt3hsucML1+im5eFhpng3tXvY94Fn57agfoDdWzuSNABhB1gOPC+9ytxiyagYU+h/iTkjJTRDwy2+272IJAGEkjAsRMc0YumkmEtKGGQFOxEQYzLCPnQUDbFa56TTcJl+0I+4LgegT98/vSkOhBgHnvJMbhPz2mT4n9ZJZP/MSWkYJxJCoixK6ydMl5E+6UjvUQ5EsrEimHCqrtTJAHNMpGqyoOKb82H/kuZRxTypVK+rpVp9VkQe7aF9VEYmOkU1VEcNZCGCHtATekVv2r32qD1rL9/WnDb7s4t+Qfv4AvTKn+E=</latexit>

UjA
(j)
0 U†

j = �Z ⌦ I

<latexit sha1_base64="jVNN/V1dkUnDwojmsMmfMErKs2s=">AAACFnicbVDLTsJAFJ3iC/GFunTTSExwQ1ol6sYE4wZ3mMgjodBMh9syMH1kZmpCmv6H/oyujJq4cOvfOGAXCp7VmXvO5N5znIhRIQ3jS8stLa+sruXXCxubW9s7xd29lghjTqBJQhbyjoMFMBpAU1LJoBNxwL7DoO2Mr6d6+x64oGFwJycR9HzsBdSlBEs1sounTXt0ZZv9pDw6ThXvJ9YAex7w9NIS1POx3bFCSX0Qlo/l0HGSm9QuloyKMYO+SMyMlFCGhl38sAYhiX0IJGFYiK5pRLKXYC4pYZAWrFhAhMkYe9BVNMBqXS+ZhUv1IzfkuhyCPnv/9ibYF2LiO8ozvU3Ma9Phf1o3lu5FL6FBFEsIiLIozY2ZLkN92pE+oByIZBNFMOFUXamTIeaYSNVkQcU358MuktZJxTyrVG+rpVo9KyKPDtAhKiMTnaMaqqMGaiKCHtEzekPv2oP2pL1orz/WnJb92Ud/oH1+A/NXn+A=</latexit>

UjA
(j)
1 U †

j = �X ⌦ I
<latexit sha1_base64="j2oYf9y5I2hAHKzeXKZwa+m5VEk=">AAACEHicbZDLTgIxGIU7XhFvqEs3jcQEF5IZQtSNCcQNS0zkFgYmnfIzFDqXtB0TMuEl9GV0ZdSd8QV8GwuyUPBfff3Padpz3IgzqUzzy1hZXVvf2Extpbd3dvf2MweHdRnGgkKNhjwUTZdI4CyAmmKKQzMSQHyXQ8Md3Uz1xj0IycLgTo0j6PjEC1ifUaL0ysmc15xh2Sl0k9zwbKK5m9g94nkgJte2ZJ5PnJYdKuaDxGWn5WSyZt6cDV4Gaw5ZNJ+qk/m0eyGNfQgU5UTKtmVGqpMQoRjlMEnbsYSI0BHxoK0xIPqhTjKLNcGn/VBgNQA8O//2JsSXcuy72uMTNZCL2nT5n9aOVf+qk7AgihUEVFu01o85ViGetoN7TABVfKyBUMH0LzEdEEGo0h2mdXxrMewy1At56yJfvC1mS5V5ESl0jE5QDlnoEpVQBVVRDVH0iJ7RG3o3Hown48V4/bGuGPM7R+jPGB/fQxuctA==</latexit>

UjA
(j)
2 U†

j = �Y ⌦AY

Suppose that

where , then we have α2 + β2 + γ2 = 1
<latexit sha1_base64="VsaWAu8BjNnkgEneAH8cpdEItkI="></latexit>

UkA
(k)U †

k = ↵�Z ⌦ I+ ��X ⌦ I+ ��Y ⌦ B̄Y

Let       be a bipartite state and                          dichotomic observables. 

Suppose there exists unitaries       and       such that:

<latexit sha1_base64="Pt3r6kribVcDOnpkz3RrlWLPiCU=">AAAB7nicbZC9TsMwFIWd8lfKX4GRxaJCYqoSVAFjJZaORaI/UhNVjnvTWnUcYztIVehrwISAjYfhBXgbnJIBWs70+Z5j6Z4bSs60cd0vp7S2vrG5Vd6u7Ozu7R9UD4+6OkkVhQ5NeKL6IdHAmYCOYYZDXyogccihF05vcr/3AEqzRNyZmYQgJmPBIkaJsaPg0Zea+YqIMYfKsFpz6+5CeBW8AmqoUHtY/fRHCU1jEIZyovXAc6UJMqIMoxzmFT/VIAmdkjEMLAoSgw6yxdJzfBYlCpsJ4MX7dzYjsdazOLSZmJiJXvby4X/eIDXRdZAxIVMDgtqI9aKUY5PgvDseMQXU8JkFQhWzW2I6IYpQYy+U1/eWy65C96LuXdYbt41as1UcooxO0Ck6Rx66Qk3UQm3UQRTdo2f0ht4d6Tw5L87rT7TkFH+O0R85H9+DiI+j</latexit>

| i
<latexit sha1_base64="4X6VQ3xhq48dIu4DNEePN2MK+wQ=">AAACAHicbZDLSgMxFIYzXmu9jboUIViEClJmSlGXLW66rGAv0I5DJj1tYzMXkoxQhm70ZXQl6s5n8AV8G9N2EG09qy/n/wPn/72IM6ks68tYWl5ZXVvPbGQ3t7Z3ds29/YYMY0GhTkMeipZHJHAWQF0xxaEVCSC+x6HpDa8mevMehGRhcKNGETg+6QesxyhReuWaRxXXuk3yd6fjs4pr/1BxRq6ZswrWdPAi2CnkUDo11/zsdEMa+xAoyomUbduKlJMQoRjlMM52YgkRoUPSh7bGgPggnWQaY4xPeqHAagB4+v7tTYgv5cj3tMcnaiDntcnyP60dq96lk7AgihUEVFu01os5ViGetIG7TABVfKSBUMH0lZgOiCBU6c6yOr49H3YRGsWCfV4oXZdy5WpaRAYdomOURza6QGVURTVURxQ9omf0ht6NB+PJeDFeZ9YlI/1zgP6M8fENmRKUbw==</latexit>

A(j)
0 , A(j)

1 , A(j)
2

<latexit sha1_base64="PRLmZ84aad09mnveYJdEUlkWAVA=">AAAB5HicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQ9QliRuWGC2QQEOmwy2MTH8yMzVpGt5AV0bd+US+gG/jgF0oeFbf3HMmuef6ieBK2/aXVVpb39jcKm9Xdnb39g+qh0cdFaeSoctiEcueTxUKHqGruRbYSyTS0BfY9ac3c7/7iFLxOLrXWYJeSMcRDzij2ozu3OHDsFqz6/ZCZBWcAmpQqD2sfg5GMUtDjDQTVKm+Yyfay6nUnAmcVQapwoSyKR1j32BEQ1Revlh1Rs6CWBI9QbJ4/87mNFQqC32TCameqGVvPvzP66c6uPZyHiWpxoiZiPGCVBAdk3ljMuISmRaZAcokN1sSNqGSMm3uUjH1neWyq9C5qDuX9cZto9ZsFYcowwmcwjk4cAVNaEEbXGAwhmd4g3crsJ6sF+v1J1qyij/H8EfWxzcijota</latexit>

Uj
<latexit sha1_base64="txpOFjB/q0i55j2hEo5Cw2VkcHE=">AAAB5HicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaY9QliRuWGC2QQEOmwy1MmE6bmakJaXgDXRl15xP5Ar6NA3ah4Fl9c8+Z5J4bpoJr47pfTmltfWNzq7xd2dnd2z+oHh61dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxo7u/cFkUK25dXchsgpeATUo1BpUP/vDhGUxSsME1brnuakJcqoMZwJnlX6mMaVsQkfYsyhpjDrIF6vOyFmUKGLGSBbv39mcxlpP49BmYmrGetmbD//zepmJboKcyzQzKJmNWC/KBDEJmTcmQ66QGTG1QJnidkvCxlRRZuxdKra+t1x2FdoXde+qfnl3WWs0i0OU4QRO4Rw8uIYGNKEFPjAYwTO8wbsTOU/Oi/P6Ey05xZ9j+CPn4xskDItb</latexit>

Uk

Allows us to fix the “measurement reference frame”

⟨ψ |A( j)
0 ⊗ A(k) |ψ⟩ = α

⟨ψ |A( j)
1 ⊗ A(k) |ψ⟩ = β sin 2θ

⟨ψ |A( j)
2 ⊗ A(k) |ψ⟩ = γ sin 2θ

⟨ψ | 𝕀( j) ⊗ A(k) |ψ⟩ = α cos 2θ



Tripartite states
Final statement

In the end, we are able to certify that

ΦSWAP ( |ψ⟩ABCP ⊗ |000 >A′￼B′￼C′￼ ) = |ψ⟩A′￼B′￼C′￼
⊗ | junk0⟩ABCP + |ψ∗⟩A′￼B′￼C′￼

⊗ | junk1⟩ABCP

∑
i,j,k

λi,j,k | ijk⟩ ∑
i,j,k

λ∗
i,j,k | ijk⟩



Multipartite states



Multipartite states
How to generalize the tripartite case

Perform the sub-tests for all possible partitions.

The total number of measurements (at least for 1 party) will grow 
exponentially.

Consider the multipartite state:
<latexit sha1_base64="QYmYpK1EWrszMM1ctVsMjPrfEiI="></latexit>

| i =
X

~x2{0,1}⌦N

�~x |~xi



Multipartite states
How to generalize the tripartite case

All the bases are the same  We can construct the isometry→

We can self-test multipartite entangled state of qubits which is equivalent to 
its complex conjugate.

<latexit sha1_base64="0GnfWGGY0fE2EGBoXJbP3FfWniA="></latexit>

�[| i] = | i ⌦ |junk0i+ | ⇤i ⌦ |junk1i

For any state which is not equivalent to its complex conjugate, we exhibit a 
correlation that singles out the state up to complex conjugation. 



Summary



Summary

Self-testing: way of certifying the 
state and the measurements only 

from the correlations  device-
independent. 

First proof that every qubit 
entangled state can be self-tested

→


