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Terminology : rigidity
Flexible Rigid Cauchy   rigidity

A convex polyhedron is determined 
by its faces, up to congruenceMostow   rigidity

A closed hyperbolic manifold of dimension 
larger than 3 is determines up to isometry by its 

fundamental group

Spectral   rigidity

Kac: can one hear the shape of a drum?

Drum shape Laplacian spectrum

Pure 
algebra
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Nonlocal games / bell inequalities

p(a, b |x, y)

ω = ∑
x,y

π(x, y)∑
a,b

V(a, b ∣ x, y) p(a, b ∣ x, y)

ω = ∑
x,y,a,b

π(x, y) V(a, b ∣ x, y) ⟨ψ |Mx
a ⊗ Ny

b |ψ⟩ .

ωc Classical value

ωq Quantum value

Bell  value

β = ∑
x,y,a,b

ba,b∣x,y p(a, b ∣ x, y)

Bell  operator

ℬ = ∑
x,y,a,b

ba,b∣x,y Mx
a ⊗ Ny

b

β = ⟨ψ |ℬ |ψ⟩
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Can we hear the sound of quantum 
states from correlations?

Can we trust our 
senses?

Can quantum theory 
pass the test of cartesian 
methodological doubt?

What are these 
measurements 
really doing?

Can we trust 
our senses?

What are these 
measurements 
really doing?
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Can we hear the sound of quantum 
states from correlations?

Device-independence!!!

Mayers, Yao 
FOCS [1998]

self-testing was not 
invented to study 

foundations. it was 
invented because someone 
asked whether you can 
trust a device you didn't 

build.

What if there is an 
adversary?

What is there is an 
adversary?
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Can we hear the sound of quantum 
states from correlations?

⟨EPR |Ax ⊗ By |EPR⟩

?
Mayers, Yao 

QIC 4,4 [2004]
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What  can  We  hear?

S = { |ψ⟩, Ma|x, Nb|y}

Local unitaries

S̃ = {U ⊗ V |ψ⟩, UMa|xU†, VNb|yV†}

Additional degrees 
of freedom

S̄ = { |ψ⟩ ⊗ |ξ⟩, Ma|x ⊗ 𝕀, Nb|y ⊗ 𝕀}



What  can  We  hear?

p(a, b |x, y)

Equivalence   class

Self-testing
Local  isometries



Exact self-testing : definition

Access only to an event 
the strategy produces!

Event:                                
full  behaviour {p(a, b |x, y)}

Reference  strategy Physical  strategy

score in a nonlocal  game ω

S = { |ψ⟩, Mx
a, Ny

b}

↔
?

Blueprint What is accessible

ΦA ⊗ ΦB

S̃ = { | ψ̃⟩, M̃x
a, Ñy

b}

ΦA ⊗ ΦB [ | ψ̃⟩] = |ψ⟩ ⊗ | junk⟩
ΦA ⊗ ΦB [M̃x

a ⊗ Ñy
b | ψ̃⟩] = (Mx

a ⊗ Ny
b |ψ⟩) ⊗ | junk⟩

An event self-tests the reference strategy  if every physical strategy  reproducing 
the event must be related to the reference strategy  through a local isometry.

S S̃
S



Exact self-testing : definition
Reference  strategy Physical  strategy

S = { |ψ⟩, Mx
a, Ny

b}

↔

ΦA ⊗ ΦB

S̃ = { | ψ̃⟩, M̃x
a, Ñy

b}

ωq

ωc
Self-testing 

event

Goh, Kaniewski, Wolfe, Vertesi, Wu, Cai, Liang, Scarani 
PRA 97,022104 [2018]



Robust  self-testing
Reference  strategy Physical  strategy

S = { |ψ⟩, Mx
a, Ny

b}

↔
S̃ = { | ψ̃⟩, M̃x

a, Ñy
b}

ωq

ωc

ωq − ϵ

?

unavoidable noise and errors, 
finite statistics,              
irrational numbers…! Could local isometries bring 

physical strategy close to the 
reference one? 

Naive definition: An event robustly self-tests the reference 
strategy  if every physical strategy  reproducing the 
event up to a small error must have a local isometry 

mapping it close to the reference strategy. 

S S̃
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S = { |ψ⟩, Mx
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Robust self-testing
Physical  strategy

S̃ = { | ψ̃⟩, M̃x
a, Ñy

b}

Reference  strategy

S = { |ψ⟩, Mx
a, Ny

b}

ΛA ΛB⊗

ΛA ⊗ ΛB [ | ψ̃⟩] ≈ |ψ⟩

Fidelity: ⟨ψ |ΛA ⊗ ΛB(ψ̃) |ψ⟩

max
ΛA,ΛB

⟨ψ |ΛA ⊗ ΛB(ρ) |ψ⟩Fidelity optimised 
over all 

extraction maps:

An event robustly self-tests the 
reference state  if from every 
physical state  reproducing the 
event up to a small error  the 
extractability of the reference 
state is , where . 

|ψ⟩
ψ̃

ϵ

1 − f(ϵ) lim
ϵ→0

f(ϵ) = 0

Kaniewski 
PRL 117, 070402 [2016]



Robust self-testing
Physical  strategy

S̃ = { | ψ̃⟩, M̃x
a, Ñy

b}

Reference  strategy

S = { |ψ⟩, Mx
a, Ny

b}

ΛA ΛB⊗

min
ψ̃:ω(ψ̃)=ωq−ϵ

max
ΛA,ΛB

⟨ψ |ΛA ⊗ ΛB(ρ) |ψ⟩Minimize 
extractability:

Score: ωq − ϵ

Kaniewski 
PRL 117, 070402 [2016]
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Assumptions in self-testing

Let  be a class of quantum strategies. An 
event -self-tests the reference strategy  
if every physical strategy  reproducing 
the event and belonging to  must be 
related to the reference strategy  
through a local isometry.

𝒞
𝒞 S

S̃
𝒞

S



Assumptions in self-testing

Hilbert space is 
finite-dimensional!

For most 
applications it is a fair 

assumption. When not we can 
work with self-testing in the 

commuting operator 
model !



Assumptions in self-testing

Hilbert space is 
finite-dimensional!

For most 
applications it is a fair 

assumption. When not we can 
work with self-testing in the 

commuting operator 
model !

In black-box 
scenarios we can always 

purify the state.

Valid, if local isometries/
extraction channels act 

trivially on the purification 
Hilbert space.



Assumptions in self-testing

Hilbert space is 
finite-dimensional!

For most 
applications it is a fair 

assumption. When not we can 
work with self-testing in the 

commuting operator 
model !

In black-box 
scenarios we can always 

purify the state.

Valid, if local isometries/
extraction channels act 

trivially on the purification 
Hilbert space.

We work with IID 
sources!

For cryptographic 
applications we need to 
generalise the result to 

non-IID sources.
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Assumptions in self-testing

To get my self-testing 
statement I assumed the state is 

pure, measurements are PVM and 
the state has full rank

I might get something from 
there !

Could you remove 
either a PVM or a full 

rank assumption?

Actually I 
can, not both, 

but one of them I 
can choose!

Baptista, Chen, Kaniewski, Lolck, Mančinska, Nielsen, Schmidt 
Annales Henri Poincaré, [2025]



Epr  self-testing
ω = ⟨A0B0⟩ + ⟨A0B1⟩ + ⟨A1B0⟩ − ⟨A1B1⟩

ωc = 2 ωq = 2 2

CHSH inequality (game) is rigid: the maximal value 
(robustly) self-tests EPR pair and anticommuting 
measurements performed by both Alice and Bob 

without assumptions!
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Coladangelo, Goh, Scarani 

Nat. Comm. 8, 15485 [2017]

α0 |00⟩ + α1 |11⟩ + α2 |22⟩ + α3 |33⟩

All qubit multipartite states





Balanzo-Juando, Coladangelo, Augusiak, 
Acin, Šupić 

Nat. Comm. [2026]

Self-testing partially entangled states 
through tilted CHSH inequalities

Bamps, Pironio 
PRA 91,5 [2015]



State self-testing

All bipartite states


 
Coladangelo, Goh, Scarani 

Nat. Comm. 8, 15485 [2017]

α0 |00⟩ + α1 |11⟩ + α2 |22⟩ + α3 |33⟩

All qubit multipartite states





Balanzo-Juando, Coladangelo, Augusiak, 
Acin, Šupić 

Nat. Comm. [2026]

All states in networks


 
Šupić, Bowles, Renou, Acin, Hoban 

Nat. Phys. 19,5 [2023]

Self-testing partially entangled states 
through tilted CHSH inequalities

Bamps, Pironio 
PRA 91,5 [2015]
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Scaling up :  EPR pairsn
Naive approach: play  cash games 
in parallel


Questions have length 


Robustness degrades as  grows, pairs are 
extracted one by one.

n

n

n

The fact that we will need


There are nonlocal games that 
robustly self-test  EPR pairs and Pauli-
basis measurements on them, using 
questions of length  with 
robustness independent of . 

n

O(log n)
n Proof: Act 3



Act 2 : some applications



Applications in cryptography

• Maximal 
randomness from 
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Applications in cryptography

• Maximal 
randomness from 
qubit states


• Gisin’s Elegant bell 
inequality self-tests 
three Paulis on 
Alice’s side and an 
epr pair


• Three Paulis are 
tomographically 
complete

Private DI randomness  and  qkd

|EPR⟩

σz
σx

σy

⟨EPR |Ax ⊗ By |EPR⟩ =
1
2

Tr[AxBT
y ]

  is  a  four-outcome POVM 
(tetrahedron)
By

Acin, Pironio, Vertesi, Wittek 
PRA 93  [2016]

Farkas, Volcic, Storgaard, Chen, 
Mancinska 

Nat. Phys. 22, 2  [2026]

2 log(d)



Applications in cryptography

• Maximal randomness from arbitrary small nonlocality


• Bell operator: 


• Maximal violation self-tests the strategy: ,   

cos(θ + ϕ)cos(θ + ω)A0(cos ωB0 − cos ϕB1) + cos ϕ cos ωA1 (−cos(θ + ω)B0 + cos(θ + ϕ)B1)

|ψ⟩ =
|00⟩ + i |11⟩

2
A0 = σx, A1 = cos θσx + sin θσy

B0 = cos ϕσx + sin ϕσy, B1 cos ωσx + sin ωσy

Private  randomness  and  qkd

𝒬ℒ

𝒬

Wooltorton, Brown, Colbeck 
PRL 132(21) [2024]



Applications in cryptography

Short path

Long path
Lossy

Low loss

Photon pair 
source

Certification 
transfers, Alice 
does not know s

Testing round

Key generation round

1. Short range test reaches 
a high chsh value: self-test 
of the source and Alice’s 
measurements

2. The source and Alice’s 
devices are the same in both 
configurations

3. Effectively key is 
generated in a semi-device-
independent manner 

Chaturvedi, Viola, Pawlowski 
npj QI 10, 7 [2024]

Lobo, Pauwels, Pironio 
Quantum 8, 1332 [2024]

Le Roy-Deloison, Lobo, Pauwels, 
Pironio 

PRX Quantum 6, 020311 [2025]



Proof of quantum knowledge
A proof of knowledge convinces a 
verifier that the prover has 
something, a private key or a 
credential, without revealing it. 


Formalised by an extractor: given 
oracle access to any prover that 
makes the verifier accept it 
reconstructs the secret.

Quantum version: 


1. Witness is a quantum state (ground 
state of a local hamiltonian)


2. The verifier is classical, it cannot 
receive a qubit


3. The witness cannot be copies



Proof of quantum knowledge

Broadbent, Grilo, Hara,Mehta, 
arXiv: 2503.13699 [2025]

Self-testing round: verifier ensures 
that provers share  EPR pairs and 

pauli measurements


Energy round: prover Alice is asked 
to teleport her quantum witness to 
bob, and bob gets the same question 

as in the self-testing round.

n Extraction isometry (a 
particular one, the swap gate) is 

used as the extractor of the 
witness! 



Compiled nonlocal games

Nonlocal games require spatial separation, 
a condition that is not easy to impose, and in 
many architectures it is not possible. 

Proofs of quantumness  and a way out of the two-device problem

Kalai, Lombardi, Vaikuntanathan, Yang 
STOC [2023]

IND-CPA security of qHE 
encryption ensures that 

the prover cannot guess  
better than randomly 

guessing. In fact the 
security emulates the 

locality condition from 
bell tests!

x
For all games classical 

bound is preserved 
through the compilation, 
and for most games (non-

pathological ones) the 
quantum bound is 

preserves also. 



Rigidity of Compiled nonlocal games
Proofs of quantumness  and a way out of the two-device problem

Why is it hard?

No tensor product structure

How to define locality and 
entanglement for a single device?

How to deal with encrypted 
operations?

What is known?

The state coming to the second 
round and the measurements 

performed in the second round 
can be self-tested for a fairly 

large class of games

Natarajan, Zhang 
FOCS [2023] 

Cui, Malavolta, Mehta, Natarajan, Paddock, Schmidt, Walter, Zhang 
Quantum 10 [2026] 

Baroni, Vu, Bourdoncle, Diamanti, Markham, Šupić 
Quantum 9 [2025] 

Mehta, Paddock, Wooltorton 
TQC [2025]



Succint   Argument for Qma

Metger, Natarajan, Zhang 
FOCS [2024]

Quantum NPA


Claim: this 
hamiltonian has a 
low-energy ground 


state

Witness: Quantum state

Sound against 
computationally 
bounded provers

Communication 
and verifier’s time 

are  in the 
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Succint   Argument for Qma

Metger, Natarajan, Zhang 
FOCS [2024]

Quantum NPA


Claim: this 
hamiltonian has a 
low-energy ground 


state

Witness: Quantum state

Sound against 
computationally 
bounded provers

Communication 
and verifier’s time 

are  in the 
size of 

computation

polylog

The protocol is similar in structure 
to the one providing the proof of 

knowledge.


The games used for self-testing are 
compiled, and rigidity of the second 
round operations is enough for the 

construction of the argument!



Verification of computing

Testing  round
Self-test the state and 

measurements that  allow 
universal quantum computing

Computation  round

Give the provers the input for 
computation

All the measurements used in 
computation have to be self-

tested !

Reichardt, Unger, Vazirani 
Nature 496(7446) [2013] 

Coladangelo, Grilo, Jeffery, Vidick 
TACT [2019]

Broadbent, Mehta, Zhao 
arXiv: 2304.03448 [2023]



Applications in complexity
ωq

1
2

x ∈ L

ωq

1
2

x ∉ L

 iff there is a poly-
time map  with  

when , and  

when .

L ∈ MIP∗

x → Gx ωq(Gx) = 1

x ∈ L ωq(Gx) ≤
1
2

x ∉ L

Given any Turing machine , 
you can efficiently write 

down a nonlocal game that 
has a perfect quantum 

strategy exactly when  
halts.

M

M



Applications in complexity

undecidable

decidable

NP

IP = PSPACE

MIP = NEXP

MIP∗ = RE

One prover, one message

+ interaction and randomness

+ second, non-communicating prover

+ shared entanglement

NEXP ⊆ MIP∗

NEEXP ⊆ MIP∗

Ji, Natarajan, Vidick, Wright, Yuen 
Comm. ACM 64,11 [2021]
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Applications in complexity

the description of the test is exponentially smaller than the system it pins downProvers have additional 
resource: entanglement 

which could help them to 
cheat, soundness should 

break?

1. Force provers to use 
entanglement in a certain 
way that will not allow 

them to cheat!

2. Inputs for problems whose 
solutions verifier needs to 

verify are too long, even to 
just be read, parallel self-
testing provides solution: 

exponentially large system 
can be verified with “short 

inputs” 



Applications in complexity

the description of the test is exponentially smaller than the system it pins down

INTRospection

Provers are doing the 
verifier’s job, they are 

sampling a correct input 
distribution by themselves! EPR 

pairs
n

Many 
more 
epr 

pairs

Use Use  and  as inputsa b

They do not know each 
other’s inputs because they 

measure in the 
complementary bases. 



Act 1ii : main techniques



CHSH rigidity: Summers & Werner

•  and  self-adjoint elements of 
Alice’s C* algebra


•  and  self-adjoint elements of 
Bob’s C* algebra


• They commute (no tensor product a 
priori)


• A state  just assigns expectation 
value to 

a0 a1

b0 b1

σ

χ =
1
2 (a0(b0 + b1) + a1(b0 − b1))

• GNS representation gives us a Hilbert 
space, and a unit vector inside it , 
and representations of self-adjoint 
elements: 


• , 




• , 

|Ω⟩

A0, A1, B0, B1

A =
1
2 (A0 + iA1)

B =
1

2 2
(B0 + B1 + i(B0 − B1))

AA† + A†A =
1
2 (A2

0 + A2
1) ≤ 1

BB† + B†B =
1
2 (B2

0 + B2
1) ≤ 1

Summers, Werner, 1987 
J. Math. Phys. 28,2440



• This reduces to 



• As  and  are sharp,  and 
 anticommute on the support 

of the state


• Symmetrical analysis shows 
that Bob’s observables also 
anti-commute on the support 
of the state. 

(A0A1 + A1A0) |Ω⟩ = (B2
0 − B2

1) |Ω⟩

B0 B1 A0
A1

• 


• Since quantum value is , 
and norm of  and  
are at most ,  it must be 

, and  and  
are sharp observables


• Since  and  commute we 
have 

2σ(χ) = 4Re⟨Ω |A†B |Ω⟩

2 2
A |Ω⟩ B |Ω⟩

1
A |Ω⟩ = B |Ω⟩ Ai Bi

Ai Bj
AA |Ω⟩ = BB |Ω⟩

Summers, Werner, 1987 
J. Math. Phys. 28,2440

CHSH rigidity: Summers & Werner



CHSH rigidity: Tsirelson
• Given 

, density matrix , 
, 




• Vectorise: 
: the 

observables become vectors, 
, 

[Ak, Bl] = 0, Ak , Bl ≤ 1
W

ckl = Tr(AkBlW)
β = c00 + c01 + c10 − c11

⟨X, Y⟩W = Re Tr(Y∗XW)

∥Ak∥W,∥Bl∥W ≤ 1
⟨Ak, Bl⟩W = ckl

• Bound=geometry: 

, 
Cauchy-Schwarz + parallelogram 
inequalities


• Saturation gives rigid geometry: 
 forces two orthonormalisation 

frames at  degrees: , 
, …, 

β = ⟨A0, B0 + B1⟩ + ⟨A1, B0 − B1⟩ ≤
≤ 2(∥B0 + B1∥2 + ∥B0 − B1∥2)1/2

β ≤ 2(2∥B0∥2 + 2∥B1∥2)1/2 ≤ 2 2

β = 2 2
45 A2

k W = W
2A1W = (B0 + B1)W

{A0, A1}W = 0, {B0, B1}W = 0

Tsirelson, 1987 
J. Sov. Math.



• State: the top eigenvalue of 
 is 

 and the corresponding 
eigenvector is 

2(σz ⊗ σz + σx ⊗ σx) ⊗ 𝕀
2 2

|Φ+⟩

• From non degeneracy to operator 
inequalities: -monomials on 

 span , so , , 
, , this 

is a representation of two Clifford 
algebras


• Representation theory: two 
anticommuting involutions are 
unitarily equivalent to  and 

, and Hilbert space is 
isomorphic to 

B
ranW ℋ A2

k = 𝕀 B2
l = 𝕀

{A0, A1} = 0 {B0, B1} = 0

σz ⊗ 𝕀
σx ⊗ 𝕀

ℂ2 ⊗ ℂ2 ⊗ ℛ
Tsirelson, 1987 
J. Sov. Math.

CHSH rigidity: Tsirelson



CHSH rigidity: SOS decompositions

• Shifted Bell operator
 




•

4𝕀 − 2(A0B0 + A0B1 + A1B0 − A1B1)

= (A0 −
B0 + B1

2 )
2

+ (A1 −
B0 − B1

2 )
2

4 − 2β = ⟨ψ |(A0 −
B0 + B1

2 )
2

|ψ⟩ + ⟨ψ |(A1 −
B0 − B1

2 )
2

|ψ⟩

• For a state  reaching the 
maximal violation we thus have 




• 


• 


•

|ψ⟩

(A0 −
B0 + B1

2 ) |ψ⟩ = 0, (A1 −
B0 − B1

2 ) |ψ⟩ = 0

A0 |ψ⟩ =
B0 + B1

2
|ψ⟩, A1 |ψ⟩ =

B0 − B1

2
|ψ⟩

(A0A1 + A1A0) |ψ⟩ = 0

(B0B1 + B1B0) |ψ⟩ = 0



CHSH rigidity: SWAP isometry
 





,   


(A0A1 + A1A0) |ψ⟩ = 0

(B0B1 + B1B0) |ψ⟩ = 0

A0 |ψ⟩ =
B0 + B1

2
|ψ⟩ A1 |ψ⟩ =

B0 − B1

2
|ψ⟩

Directly construct the SWAP isometry

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

,    


,   


ZA = A0 XA = A1

ZB =
B0 + B1

2
XB =

B0 − B1

2

ZA |ψ⟩ = ZB |ψ⟩, XA |ψ⟩ = XB |ψ⟩

4SWAP( |00⟩A′￼B′￼|ψ⟩AB) = |00⟩A′￼B′￼(𝕀 + ZA)(𝕀 + ZB) |ψ⟩AB

+ |10⟩A′￼B′￼XA(𝕀 − ZA)(𝕀 + ZB) |ψ⟩AB

+ |01⟩A′￼B′￼(𝕀 + ZA)XB(𝕀 − ZB) |ψ⟩AB

+ |11⟩A′￼B′￼XA(𝕀 − ZA)XB(𝕀 − ZB) |ψ⟩AB



Directly construct the SWAP isometry

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

,    


,   


ZA = A0 XA = A1

ZB =
B0 + B1

2
XB =

B0 − B1

2

ZA |ψ⟩ = ZB |ψ⟩, XA |ψ⟩ = XB |ψ⟩

4SWAP( |00⟩A′￼B′￼|ψ⟩AB) = 2 |00⟩A′￼B′￼(𝕀 + ZA) |ψ⟩AB

+0

+0

+2 |11⟩A′￼B′￼XAXB(𝕀 − ZA) |ψ⟩AB







(𝕀 + ZA)(𝕀 − ZB) |ψ⟩ = (𝕀 + ZA)(𝕀 − ZA) |ψ⟩

(𝕀 + ZA)(𝕀 + ZB) |ψ⟩ = 2(𝕀 + ZA) |ψ⟩

(𝕀 − ZA)(𝕀 − ZB) |ψ⟩ = 2(𝕀 − ZA) |ψ⟩

CHSH rigidity: SWAP isometry



CHSH rigidity: SWAP isometry

Directly construct the SWAP isometry

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

,    


,   


ZA = A0 XA = A1

ZB =
B0 + B1

2
XB =

B0 − B1

2

ZA |ψ⟩ = ZB |ψ⟩, XA |ψ⟩ = XB |ψ⟩

4SWAP( |00⟩A′￼B′￼|ψ⟩AB) = 2 |00⟩A′￼B′￼(𝕀 + ZA) |ψ⟩AB

+0

+0

+2 |11⟩A′￼B′￼XA(𝕀 − ZA)XA |ψ⟩AB







(𝕀 + ZA)(𝕀 − ZB) |ψ⟩ = (𝕀 + ZA)(𝕀 − ZA) |ψ⟩

(𝕀 + ZA)(𝕀 + ZB) |ψ⟩ = 2(𝕀 + ZA) |ψ⟩

(𝕀 − ZA)(𝕀 − ZB) |ψ⟩ = 2(𝕀 − ZA) |ψ⟩



CHSH rigidity: SWAP isometry

Directly construct the SWAP isometry

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

,    


,   


ZA = A0 XA = A1

ZB =
B0 + B1

2
XB =

B0 − B1

2

ZA |ψ⟩ = ZB |ψ⟩, XA |ψ⟩ = XB |ψ⟩

4SWAP( |00⟩A′￼B′￼|ψ⟩AB) = 2 |00⟩A′￼B′￼(𝕀 + ZA) |ψ⟩AB

+0

+0

+2 |11⟩A′￼B′￼(𝕀 + ZA)XAXA |ψ⟩AB
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(𝕀 + ZA)(𝕀 + ZB) |ψ⟩ = 2(𝕀 + ZA) |ψ⟩

(𝕀 − ZA)(𝕀 − ZB) |ψ⟩ = 2(𝕀 − ZA) |ψ⟩



CHSH rigidity: SWAP isometry

Directly construct the SWAP isometry

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

,    


,   


ZA = A0 XA = A1

ZB =
B0 + B1

2
XB =

B0 − B1

2

ZA |ψ⟩ = ZB |ψ⟩, XA |ψ⟩ = XB |ψ⟩

4SWAP( |00⟩A′￼B′￼|ψ⟩AB) = 2 |00⟩A′￼B′￼(𝕀 + ZA) |ψ⟩AB

+0

+0

+2 |11⟩A′￼B′￼(𝕀 + ZA) |ψ⟩AB







(𝕀 + ZA)(𝕀 − ZB) |ψ⟩ = (𝕀 + ZA)(𝕀 − ZA) |ψ⟩

(𝕀 + ZA)(𝕀 + ZB) |ψ⟩ = 2(𝕀 + ZA) |ψ⟩

(𝕀 − ZA)(𝕀 − ZB) |ψ⟩ = 2(𝕀 − ZA) |ψ⟩



CHSH rigidity: SWAP isometry

Directly construct the SWAP isometry

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

,    


,   


ZA = A0 XA = A1

ZB =
B0 + B1

2
XB =

B0 − B1

2

ZA |ψ⟩ = ZB |ψ⟩, XA |ψ⟩ = XB |ψ⟩

SWAP( |00⟩A′￼B′￼|ψ⟩AB) =
|00⟩A′￼B′￼+ |11⟩A′￼B′￼

2
⊗

𝕀 + ZA

2
|ψ⟩AB







(𝕀 + ZA)(𝕀 − ZB) |ψ⟩ = (𝕀 + ZA)(𝕀 − ZA) |ψ⟩

(𝕀 + ZA)(𝕀 + ZB) |ψ⟩ = 2(𝕀 + ZA) |ψ⟩

(𝕀 − ZA)(𝕀 − ZB) |ψ⟩ = 2(𝕀 − ZA) |ψ⟩

= |EPR⟩AB ⊗ |aux⟩A′￼B′￼



CHSH rigidity: Jordan’s lemma
A few steps and we get result: For any 
two anti-commuting observables  and 

 there is a unitary  such that     
.          

X
Z U
UZU† = σz ⊗ 𝕀 UXU† = σx ⊗ 𝕀

Applying to Alice’s and Bob’s observables we thus 
obtain                                                

          

        . 

So the Bell operator then is 
 and the eigenstate 

corresponding to the largest eigenvalue ( ) is the 
EPR pair

UA0U† = σz ⊗ 𝕀 UA1U† = σx ⊗ 𝕀

UB0U† =
σz + σx

2
⊗ 𝕀 UB1U† =

σz − σx

2
⊗ 𝕀

2(σz ⊗ σz + σx ⊗ σx) ⊗ 𝕀 ⊗ 𝕀
2 2

VA0V† =

VA1V† =



Mayers-Yao self-test

• Mayers-Yao: 
 



    


     


⟨ψ |A0B0 |ψ⟩ = 1, ⟨ψ |A0B1 |ψ⟩ = 0, ⟨ψ |A0B2 |ψ⟩ = 1/ 2,
⟨ψ |A1B0 |ψ⟩ = 0, ⟨ψ |A1B1 |ψ⟩ = 1, ⟨ψ |A1B2 |ψ⟩ = 1/ 2,

⃗ak = Ak |ψ⟩, b⃗l = Bl |ψ⟩,

⟨ ⃗a0, b⃗0⟩ = 1, ⟨ ⃗a1, b⃗1⟩ = 1, ⟨ ⃗a0, b⃗1⟩ = 0, ⟨ ⃗a1, b⃗0⟩ = 0

⟨ ⃗a0, b⃗2⟩ = ⟨ ⃗a1, b⃗2⟩ =
1

2

Mayers, Yao 
QIC 4,4 [2004]
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1

2

Mayers, Yao 
QIC 4,4 [2004]



Mayers-Yao self-test

• Mayers-Yao: 
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⃗a0 = b⃗0

⃗a1 = b⃗1

⟨ ⃗a0, b⃗2⟩ = ⟨ ⃗a1, b⃗2⟩ =
1

2

Mayers, Yao 
QIC 4,4 [2004]



Mayers-Yao self-test

• Mayers-Yao: 
 



    


     


⟨ψ |A0B0 |ψ⟩ = 1, ⟨ψ |A0B1 |ψ⟩ = 0, ⟨ψ |A0B2 |ψ⟩ = 1/ 2,
⟨ψ |A1B0 |ψ⟩ = 0, ⟨ψ |A1B1 |ψ⟩ = 1, ⟨ψ |A1B2 |ψ⟩ = 1/ 2,

⃗ak = Ak |ψ⟩, b⃗l = Bl |ψ⟩,

⟨ ⃗a0, b⃗0⟩ = 1, ⟨ ⃗a1, b⃗1⟩ = 1, ⟨ ⃗a0, b⃗1⟩ = 0, ⟨ ⃗a1, b⃗0⟩ = 0

⃗a0 = b⃗0

⃗a1 = b⃗1
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⟨ ⃗a0, b⃗2⟩ = ⟨ ⃗a1, b⃗2⟩ =
1

2

Mayers, Yao 
QIC 4,4 [2004]



Mayers-Yao self-test

• Mayers-Yao: 
 



    


     


⟨ψ |A0B0 |ψ⟩ = 1, ⟨ψ |A0B1 |ψ⟩ = 0, ⟨ψ |A0B2 |ψ⟩ = 1/ 2,
⟨ψ |A1B0 |ψ⟩ = 0, ⟨ψ |A1B1 |ψ⟩ = 1, ⟨ψ |A1B2 |ψ⟩ = 1/ 2,

⃗ak = Ak |ψ⟩, b⃗l = Bl |ψ⟩,

⟨ ⃗a0, b⃗0⟩ = 1, ⟨ ⃗a1, b⃗1⟩ = 1, ⟨ ⃗a0, b⃗1⟩ = 0, ⟨ ⃗a1, b⃗0⟩ = 0

⃗a0 = b⃗0

⃗a1 = b⃗1

b⃗2

B2 |ψ⟩ =
B0 + B1

2
|ψ⟩

B2B2 |ψ⟩ = |ψ⟩ +
{B0, B1}

2
|ψ⟩

{B0, B1} |ψ⟩ = 0
⟨ ⃗a0, b⃗2⟩ = ⟨ ⃗a1, b⃗2⟩ =

1

2

b⃗2 =
1

2
b⃗0 +

1

2
b⃗1

Mayers, Yao 
QIC 4,4 [2004]



Robustness bounds

Working with a specific isometry we get rid of 
maximization, but then we have a lower bound 
on extractability


SWAP method chooses the SWAP isometry



min
ρ:β(ρ)=2 2−ϵ

⟨EPR |SWAP(ρ) |EPR⟩

min
ρ:β(ρ)=2 2−ϵ

max
ΛA,ΛB

⟨EPR |ΛA ⊗ ΛB(ρ) |EPR⟩

H H

XAZA

XBZB

H H

|ψ⟩AB

|0⟩A′￼

|0⟩B′￼

4SWAP( |00⟩A′￼B′￼|ψ⟩AB) =
1

∑
ij=0

| ij⟩A′￼B′￼Xi
A(𝕀 + (−1)iZA)Xj

B(𝕀 + (−1) jZB) |ψ⟩AB

16SWAP( |00⟩A′￼B′￼|ψ⟩AB) =
1

∑
ijkl=0

| ij⟩⟨kl |A′￼B′￼Sij |ψ⟩⟨ψ |AB S†
kl

SWAP(ρ) = TrAB16SWAP( |00⟩A′￼B′￼|ψ⟩AB) =
1

∑
ijkl=0

| ij⟩⟨kl |A′￼B′￼Sij |ψ⟩⟨ψ |AB S†
kl

SWAP(ρ) = TrAB16SWAP( |00⟩A′￼B′￼|ψ⟩AB) =
1

∑
ijkl=0

| ij⟩⟨kl |A′￼B′￼Sij |ψ⟩⟨ψ |AB S†
kl

SWAP(ρ) =
1

∑
ijkl=0

| ij⟩⟨kl |A′￼B′￼⟨ψ |Rijkl |ψ⟩

min
ρ:β(ρ)=2 2−ϵ

⟨EPR |SWAP(ρ) |EPR⟩ = min
ρ:β(ρ)=2 2−ϵ

1

∑
ijkl=0

⟨ψ | R̃ijkl |ψ⟩

Use NPA hierarchy for minimization!

Yang, Vertesi, Bancal, Scarani, 
Navascues 

PRL 113, 4 [2014]



Robustness bounds

Bell operator  and Bell value 


Reference state: 


Operator inequality    implies 

ℬ Tr[ℬψ]

ψ̃

Λ†
A ⊗ Λ†

B(ψ̃) ≥ sℬ + μ Ξ ≥ sβ + μ

min
ρ:β(ρ)=2 2−ϵ

max
ΛA,ΛB

⟨ψ |ΛA ⊗ ΛB(ρ) |ψ⟩
Kaniewski 

PRL 117, 070402 [2016]

1. Apply Jordan’s lemma


2. Choose extraction maps (some kind of dephasing channel)


3. Prove the operator inequality!



Representation  theory  approach



Gowers-Hatami  theorem

X2 |ψ⟩ = 𝕀 |ψ⟩ Z2 |ψ⟩ = 𝕀 |ψ⟩ {X, Z} |ψ⟩ = 0

X2 = 𝕀 Z2 = 𝕀; {X, Z} = 0
π

x, z, e, x2 = e, z2 = e, xz = − xz

Pauli group







∥X2 |ψ⟩ − |ψ⟩∥ ≤ ϵ

∥Z2 |ψ⟩ − |ψ⟩∥ ≤ ϵ

∥XZ |ψ⟩ + ZX |ψ⟩∥ ≤ ϵ

Is there a representation of the Pauli group 
such that  and  are close to it?X Z

Gowers, Hatami 
Sbor. Math. 208 (12), [2017]  



Gowers-Hatami  theorem

f

x
f(x)

y
f(y)

x + y

f(x + y)

Passing the test implies that the function is close to some linear function



Gowers-Hatami  theorem

x, z, e, x2 = e, z2 = e, xz = − xz







∥X2 |ψ⟩ − |ψ⟩∥ ≤ ϵ

∥Z2 |ψ⟩ − |ψ⟩∥ ≤ ϵ

∥XZ |ψ⟩ + ZX |ψ⟩∥ ≤ ϵ

Stability of approximate 
representations

x, z, e X, Z, 𝕀
f : G → U(ℋ)

 isometry      
 representation  such that 

 

∃ V : ℋ → 𝒦
∃ ϕ
∥Vf(g) − ϕ(g)V∥2

ψ ≤ ϵ

V∗ϕ(g)V = 𝔼h∈G f(h)∗ f(hg)
Gowers, Hatami 

Sbor. Math. 208 (12), [2017]  



Algebraic   approach



 C*  algebras
C* algebra = Banach algebra over a field of complex 
numbers with a map 


A. 


B. 


C. 


D.

x → x∗

x∗∗ = x

(x + y)∗ = x∗ + y∗ (xy)∗ = y∗x∗

(λx)∗ = λ̄x∗

∥xx ∗ ∥ = ∥x∥∥x∗∥

Example: algebra of bounded 
operators on a Hilbert space

GNS representation:


Every state  induces a representation 
 and a unit  cyclic vector 

, such that 


Cyclic: 

ϕ
πϕ : 𝒜 → B(ℋϕ)
|Ωϕ⟩ ϕ(𝔞) = ⟨Ωϕ |πϕ(𝔞) |Ωϕ⟩

¯π(𝒜) |Ωϕ⟩ = ℋϕ
State on the algebra: a unit 
positive functional ϕ : 𝒜 → ℂ

Representation: a homomorphism 
π : 𝒜 → B(ℋ)



Universal  C*  algebras

Universal C* algebra


Fix set of generators  and a 
relations between them , run over 
every concrete realization of the 
relations and take the largest 
operator norm that ever occurs.

g
r

Universality property


For every instant of operators 
satisfying the relations, there is a 
representation from the universal C* 
algebra to the concrete algebra, such 
that the generators are mapped to 
the operators satisfying relations



Universal  POVM  algebras

Alice’s POVMs: Mx
a

Bob’s POVMs: Ny
b

Define generators 𝔪x
a, 𝔫y

b

Choose relations , 𝔪x
a, 𝔫y

b ≥ 0 ∑
a

𝔪x
a = 1, ∑

b

𝔫y
b = 1

Universality property: There is a representation  
such that 

π
π(𝔪x

a ⊗ 𝔫y
b) = Mx

a ⊗ Ny
b

Universal POVM algebra: 𝒜A ⊗min 𝒜B

Shared state: ρ
Shared state  induces an algebraic state , 
such that 

ρ ϕρ
ϕρ(𝔞) = Tr[ρπ(𝔞)]

Correlations are obtained as this state evaluated on 
generators 
ϕρ(𝔪x

a ⊗ 𝔫y
b) = Tr[ρMx

a ⊗ Ny
b] = p(a, b |x, y)



Abstract  self-testing

Alice’s POVMs: Mx
a

Bob’s POVMs: Ny
b

“Alice’s” generators 𝔪x
a

Shared state: ρ Algebraic state ϕρ

“Bob’s” generators 𝔫y
b

Let  be a subset of states on the universal 
pOVM  algebra.  An event is an abstract 
self-test for  if there is a unique state in  
compatible with the event.

S

S S

Paddock, Slofstra, Zhao, Zhou 
AHP 25(10), [2024]



Abstract  self-testing

{Mx
a, Ny

b} {M̄x
a, N̄y

b}{𝔪x
a, 𝔫y

b}
π π̄|ψ⟩ | ψ̄⟩

ϕψ(Π(𝔪x
a ⊗ 𝔫y

b)) = ⟨ψ |Π (π(𝔪x
a) ⊗ π(𝔫y

b)) |ψ⟩

ϕψ(Π(𝔪x
a ⊗ 𝔫y

b)) = ⟨ψ |Π (Mx
a ⊗ Ny

b) |ψ⟩

ϕψ̄(Π(𝔪x
a ⊗ 𝔫y

b)) = ⟨ψ̄ |Π (π̄(𝔪x
a) ⊗ π̄(𝔫y

b)) | ψ̄⟩

ϕψ̄(Π(𝔪x
a ⊗ 𝔫y

b)) = ⟨ψ̄ |Π (M̄x
a ⊗ N̄y

b) | ψ̄⟩

The state is unique !
⟨ψ |Π (Mx

a ⊗ Ny
b) |ψ⟩ = ⟨ψ̄ |Π (M̄x

a ⊗ N̄y
b) | ψ̄⟩

All moments for two strategies are equal! 

Paddock, Slofstra, Zhao, Zhou 
AHP 25(10), [2024]



Abstract  self-testing

{𝔪x
a, 𝔫y

b}

ϕ

GNS representation: ℋϕ, πϕ, |Ωϕ⟩
Self-tested strategy: {πϕ(𝔪x

a), πϕ(𝔫y
b), |Ωϕ⟩}

All minimal GNS representations are unitarily equivalent.         
“Junk” and isometry come from non-minimal GNS representations. 

Paddock, Slofstra, Zhao, Zhou 
AHP 25(10), [2024]



Abstract  self-testing : consequences

Algebraic definition can be adapted to different 
quantum models, for example commuting 
operator model, as opposed to the tensor 

product model

Algebraic definition keeps the essential algebraic 
content of strategies, it is essential for defining 

self-testing in other scenarios, for example 
sequential ones!

It allows to move more freely between different 
strategies, for example it identifies cases in which 
PVM assumption can be harmlessly introduced.

Robust self-testing defined as uniqueness of 
amenable tracial state!

Paddock, Slofstra, Zhao, Zhou 
AHP 25(10), [2024]

 Zhao 
arXiv: 2411.03259, [2024]



Parallel self-testing

Aim: certify that Alice and Bob share  EPR pairsn

Approach: make them play  CHSH games, maximal 
score for all games robustly self-tests  EPR pairs

n
n

Problem: robustness function  depends also on . Robustness 
decreases significantly when number of tested pairs increases. 

f(ϵ) n

EPR pairs are extracted one by one, hence robustness 
deteriorates with every new extracted pair. 

ℋ = ℂ2 ⊗ ℂ2 ⊗ ⋯ ⊗ ℂ2

Coladangelo 
QIC 17 (9&10) [2017]

McKague 
NJP 18 (4) [2016]

Šupić, Bowles, Cavalcanti 
Quantum 5 (418) [2021]



Parallel self-testing

Instead of extracting pair by pair certify global algebraic relations


For all -bit strings  and  on Alice’s side certify existence of observables 

, which are in ideal case  and 


These global observables satisfy the following reactions


                   

n a b

X(a), Z(b)
n

⨂
i=1

σai
x

n

⨂
i=1

σbi
z

X(a)X(b) = X(a + b) Z(a)Z(b) = Z(a + b) X(a)Z(b) = (−1)abZ(b)X(a)
Linearity in X Linearity in Z Anti-commutation

These relations are presentation of -qubit Pauli groupn

Natarajan, Vidick 
STOC [2017]



Parallel self-testing
                   X(a)X(b) = X(a + b) Z(a)Z(b) = Z(a + b) X(a)Z(b) = (−1)⟨a,b⟩Z(b)X(a)

Linearity in X Linearity in Z Anti-commutation

W, a W, bu ∈ {0,1}n v ∈ {0,1}n

Input: Basis type  and -bit 
string 

W n
a/b

Input length: 2n

Output: Hadamard encoding of 
the obtained outputs  and : 

 and 
u v

α = (−1)a⋅u β = (−1)b⋅v

Output length: 2

GH gives robustness that does 
not depend on  because  we 
work with global observables 

n

Oracularized version of 
BLR linearity testing Magic square game

Natarajan, Vidick 
STOC [2017]



Parallel self-testing
                   X(a)X(b) = X(a + b) Z(a)Z(b) = Z(a + b) X(a)Z(b) = (−1)⟨a,b⟩Z(b)X(a)

Linearity in X Linearity in Z Anti-commutation

W, x W, Pu ∈ {0,1}n v ∈ {0,1}n

Input: Basis type  and a point 
 for one player or a plane 

 from  for the other

W
x ∈ 𝔽N

q
P 𝔽N

q
Input length: O(log n)

Output: Reed-Muller encoding of 
obtained outputs  and u v

Output length: poly(log log n)

GH gives robustness that does 
not depend on  because  we 
work with global observables 

n

Raz-Safra plane-vs-point 
low-degree testing Magic square game

a, b ∈ 𝔽N
q

Natarajan, Vidick 
FOCS [2018]



What  can  we  hear?
The question we started with


Can quantum theory pass the test 
of cartesian methodological 
doubt?


Yes - up to local isometry!


That residual freedom is not a 
weakness, but a doubt no 
experiment can ever remove.

Still open

• Robustness that does not decay with the 
system size


• Fidelity accumulation theorem


• Self-testing of multipartite states with 
constant number of inputs


• Self-testing of multipartite qudit states


• More techniques for robust self-testing

Self-testing began as a question of trusting a device           
it ended-up describing the limits of what can be computed


